, "Single-reflection film-substrate half-wave retarders with nearly stationary reflection properties over a wide range of incidence angles," J. Opt. Soc. Am. 73, 160-166 (1983) The complex reflection coefficient for the p polarization of a transparent film on an absorbing or transparent substrate can be made equal to the negative of that for the s polarization, and hence the film-substrate system acts as a half-wave retarder (HWR), by proper selection of film refractive index N 1 , film thickness d, and angle of incidence 0. This condition, which generally holds only at normal incidence, becomes possible at oblique incidence also if N 1 is within a certain range, 1 < N 1 < N 1 . For a given substrate and given N 1 , a procedure is described to determine dHWR and dHwR that achieve a HWR. As N 1 is increased from 1 to the upper limit N,, CHWA decreases from 90 to 0 monotonically. dHWR approximately equals (exactly equals when the substrate is a perfect dielectric or a perfect conductor) an odd multiple of half of the film-thickness period evaluated at 4'HWR-Significantly, we find that the film-substrate HWR retains nearly the same characteristics of normal-incidence reflection over the range of angle from 0 up to (and beyond) PHWR. Detailed data are presented of HWR's that use transparent films on metallic (Al and Ag), semiconducting (Si), and dielectric (glass) substrates at two laser wavelengths (0.6328 and 10.6 ,um). Film-substrate HWR's permit the realization of simple polarization-insensitive parallel-mirror beam displacers, 90° rooftop reflectors, and biconical axicons and waxicons.
INTRODUCTION
Retarders are devices that introduce a differential phase shift between orthogonally linearly polarized' components of light with no or insignificant accompanying differential amplitude attenuation. Classically, their operation is based on natural or induced linear birefringence in certain media or on the difference between the p-and s-reflection phase shifts associated with total internal reflection. 2 4 Recently, external reflection from an optically isotropic film-covered substrate was demonstrated to be a suitable basis for the design of new retarders. 5 - 9 The natural extension of this idea to multilayer-coated reflection retarders has also been accomplished.1 0 -' 2 The latter devices have very high (near-unity) reflectance at the expense of added complexity and cost.
We remain interested primarily in single-reflection filmsubstrate retarders because of their simplicity. Previous work 5 -8 in this area seems to indicate that it is not possible to achieve half-wave (180°) retardation by a single obliqueincidence reflection from a film-substrate system. Such 180°r etardation is obtained at normal incidence (by this or any other optically isotropic surface) and, as such, is not particularly useful.' 3 In this paper we show that the foregoing limitation can be lifted by the proper choice of refractive index N, of the transparent film. In particular, we find that, for a given substrate (be it metallic or otherwise), if N, is selected in a certain range, 1 < N, < 91, the film-substrate system will act as an exact half-wave retarder (HWR) for a certain (reduced) film thickness dHWR at a certain angle of oblique incidence 4HWR-As N, is increased from ito its upper limit il, 4 
HWR
decreases monotonically from 90' to 0. For N, > N1, 10HWR stays equal to 0, which is the condition that we have encountered before.fr 8 Significantly, we also find that, for all angles of incidence between 0 and 4HWR (and a little beyond OHWR), the film-substrate system has nearly stationary reflection characteristics; hence it performs as a wide-angle HWR. Section 2 describes the design procedure of film-substrate HWR's. In Section 3, the procedure is applied to HWR's that use dielectric films on an Al substrate for He-Ne laser light of wavelength X = 0.6328 Am. Results for HWR's based on dielectric (glass) and semiconducting (Si) substrates (at X = 0.6328 pm), which are at least academically interesting, and others that use a nearly perfect conductor (Ag at the C0 2 -laser wavelength X = 10.6 gm) are presented in Section 4. Finally, in Section 5 we point out important applications of the filmsubstrate HWR in polarization-insensitive beam displacers, axicons, rooftop reflectors, and waxicons.
DESIGN PROCEDURE OF HALF-WAVE RETARDERS
The complex amplitude-reflection coefficients of a filmsubstrate system for light that is linearly polarized parallel (p) or perpendicular (s) to the plane of incidence are given by 
is the angle-of-incidence-dependent film-thickness period of the periodic reflection coefficients as functions of d. X is the free-space wavelength of light, and No and N 1 are the real refractive indices of the medium of incidence (0) and the film (1), respectively, that are assumed to be transparent. The substrate (2) is, in general, absorbing, and its refractive index N 2 is complex. In the following we will assume that the medium of incidence is air (or vacuum), as is commonly the case, and set No = 1. The design procedure, however, is the same for any transparent medium of incidence.
For a given film-substrate system to operate as a HWR at oblique incidence, the condition (5) must be satisfied. Substitution of Eqs. (1) into Eq. (5) leads to a quadratic equation in X,
with coefficients given by
where flij and aij represent the product and the sum, respectively, of the p and s Fresnel reflection coefficients of the ij interface:
Equation (6) is complex and can be broken down, by taking its real and imaginary parts, into two real equations in two real unknowns: the angle of incidence 0 and the reduced normalized film thickness A, 0 < P < 1. If (0, A) is a solution of Eq. (6), then (0, P + m), where m is an integer, is also a solution because X is a periodic function of P with period 1.
The two nonlinear equations that are equivalent to Eq. (6) can be solved for (0, A) by using, for example, the NewtonRaphson method. This, however, requires simultaneous iteration on both 0 and P in search of the solution. We have followed another simpler and more-elegant procedure that separates the determination of 0 and A. In this method, which is similar to one used in Refs. 5 and 6, only 0 is determined by iteration, and is subsequently obtained explicitly. This can be achieved by solving Eq. (6) for X,
and requiring that
which follows from Eq. (2) and from the assumptions that the film is transparent and that N 1 > No sin 4,, which is satisfied when No = 1. Equation (10) , where X is determined by the right-hand side of Eq. (9), can be solved for 0 as its only unknown. Recall that P, Q, and U are determined by the interface Fresnel reflection coefficients, Eqs. (7) and (8) , which, in turn, are functions of the angle of incidence 4. Once 4 has been determined, the right-hand side of Eq. (9), i.e., complex X, can be evaluated. Subsequently, the normalized film thickness P is obtained from Eq. (2) as
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All possible film thicknesses for a HWR are given by
where m is an integer. In the following we will consider only the least (reduced) normalized and actual film thicknesses, 
We will examine the performance of a given HWR as a function of angle of incidence (ck z OHWR) as described by the ratio of complex reflection coefficients,
where I pI reprsents the relative amplitude attenuation and A is the relative phase shift, which are equal to 1 and 1800, respectively, when 0 = OHWR and P = PHWR. In addition, the deviation of p of a HWR from -1, caused by small shifts of the film thickness f rom the design value dHwR, is determined.
DIELECTRIC FILM-ALUMINUM SUBSTRATE HALF-WAVE RETARDERS AT X = 0.6328 Am
The design procedure of Section 2 was applied to a system that consists of a transparent film of adjustable refractive index (4)] is evaluated at (OHWR, PHWR) and is found to differ from -1 by less than 10-7 in real and imaginary parts. For the SiO 2 -Si system 5 at X = 0.6328gAm (and at several other wavelengths 8 ), every CAIC for 0 < X < 0S, where As1 is the spolarizing angle, encloses the point p = -1. That is why film-substrate HWR's were thought to be possible only at normal incidence. Here we have shown that a CAIC for 0 > 0 may pass through, instead of enclose, the point p = -1, which means that HWR's are realizable at oblique incidence. In Fig. 2 , the CAIC for (bHWR -50 does not enclose the point p = -1. Figure 3(a) shows the complex-plane constant-thickness contour (CTC) of p (for the MgF 2 -A1 system at X = 0.6328 Ain) at d dHWR =0.12472 Am. As (~is increased from 0to 900, the CTC begins at p = -1 and ends at p = +1. A most important feature of the CTC is not visible in Fig. 3(a) . We know that the CTC must make a loop as 0 increases from 0 to 'kHWR =34.430 becausep = -1at these two values of o. It is interesting and significant that such a loop is small. This loop, which is of insignificant width, exists entirely in the second quadrant of the complex plane and is shown on a magnified scale in Fig. 3(b) . This means that p essentially dwells at -1 for values of X from 0 to (and beyond) OHWR increasing discrete values of the film refractive index beginning with N 1 just slightly above 1. A solution for a HWR ceases to exist when N 1 exceeds an upper limit 1 6 N 1 = N 1 -1.46. As N 1 increases from 1 to N 1 , OHWR decreases monotonically from 90° to 0. This is shown in Fig. 7 , which also displays all other important characteristics (normalized film thickness PHWR, actual film thickness dHWR, and reflectance NHWR versus OHWR). Note that PHWR, dHWR, and ]HWR all increase monotonically with OTHWR. It is also significant to note that PHWR remains close to 0.5, so that dHWR equals approximately half of the film-thickness period DOHWRAlthough Fig. 7 gives a comprehensive graphical view of all possible design results of HWR's that use a transparent film on an Al substrate at X = 0.6328 Am, Table 1 normal-incidence values for angles of incidence up to nearly 450. This important conclusion holds, to a good degree of approximation, for other film-substrate HWR's reported in this paper. Table 1 to indicate the performance of these devices over the entire range of incidence angles, 0 < 0 < 90°. Also shown for reference in Figs. 8(a) and 8(b) are the I p I versus 0 and A versus 0 curves for the bare Al substrate (bottom curves). Prominent effects of the dielectric-layer coatings (which produce HWR's at oblique incidence) are to change the dip of the I pI versus 0 curve into a peak and to change the A versus 0 curve from one that decreases from 180° to 0 monotonically to one that initially decreases from 1800 to a shallow minimum followed by a steep rise to 3600. Also significant to note in Figs. 8(a) and 8(b) is how close IpI stays near 1 and A stays near 180° over a wide range of incidence angles for the dielectric-coated Al HWR's.
Whereas solid thin films of refractive indices less than -1.25 (such as those quoted in Table 1 ) are uncommon in the visible spectrum, the results for N, < 1.25 are representative of a situation in which the medium of incidence is not air but rather a dense phase (No > 1).
HALF-WAVE RETARDERS USING OTHER SUBSTRATES
Figures 9 and 10 present the properties of HWR's that use a transparent film on a glass (N 2 = 1.5) or Si (N 2 = 3.85 -j0.02)5 substrate, respectively, at X = 0.6328 gm. The results for glass are mainly of academic interest because of the small film refractive index and low reflectance. An interesting point to note in Fig. 9 is that ¢ = 0.5 exactly for all values of N, (at all 0). Thus is true for all transparent substrates, as can be proved analytically. The reflectance for the Si-based HWR's ( Fig. 10) is an order of magnitude higher than that achievable with glass, but it is still too small to be useful. In Fig. 10 , P = 0.5 almost exactly because of the numerically small (0.02) extinction coefficient of Si. Figure 11 gives results for single-reflection HWR's that operate at the C0 2 -laser wavelength X = 10.6 Am using a transparent film on a silver substrate (N 2 = 9.5 -j73). 10 The range of film refractive index for HWR operation is 1 < N, < 1.42. Materials with low refractive index in the infrared are available. For example, CaFl 2 and LiFl 2 have refractive indices1 7 of about 1.3 and 1.1, respectively, at 10.6 gim. The normalized film thickness P is again very close to 0.5 (it increases from 0.49905 to 0.50016 as OkHWR increases from 0 to 900, respectively). ¢ = 0.5 holds exactly for a perfectly conducting as well as for a perfectly transparent substrate. Figure 11 shows that all HWR's have the excellent property of an intensity reflectance that is greater than 98.5%. Of course, the origin of this high reflectance of the HWR is the high reflectance of the Ag substrate at 10.6 gim.
OTHER APPLICATIONS OF THE FILM-SUBSTRATE HALF-WAVE RETARDERS
Achieving half-wave retardation on single reflection from a film-substrate system provides the basis for the design of parallel-mirror beam displacers and axicons that preserve polarization. In this case the two mirrors of a beam displacer or the two cones of an axicon have identical surfaces made of the same dielectric film of the same thickness on the same e . cefy 5, =1 .45 1.0 it is assumed that the two reflections from a rooftop or a waxicon occur at the same angle of incidence of 45°. 6. SUMMARY A system composed of a transparent film on an absorbing (or transparent) substrate can act as a single-reflection HWR at a given wavelength provided that the film refractive index N 1 , metallic substrate. Each surface acts as a HWR, so that the net effect on polarization after two reflections at the same angle of incidence is null. We think that this is one of the simplest possible ways to make polarization-preserving beam displacers or axicons. This design represents an important special case of a more general one 18 , t 9 in which the same film-substrate system is used for each mirror or cone but the film thicknesses are unequal. Indeed, we were led to this work on HWR's by our earlier study of Refs. 18 and 19.
The film-substrate HWR also has direct application in equalization of the p and s (TE and TM) eigenvalues of 90O rooftop reflectors and waxicons, so that these devices may be rendered isotropic when used in laser cavities. In this case Bottom: normalized and actual least film thicknesses pHWR and dHWR (in micrometers), respectively. The common abscissa for all curves is the angle of incidence qjjwp in degrees. and dHWR (in micrometers), respectively. The common abscissa for all curves is the angle of incidence kHWR in degrees.
film thickness d, and angle of incidence 0 are properly selected. We find that a HWR is possible only within a certain interval of N,, 1 < N 1 < I 1 , where J1 depends on the substrate and medium of incidence (which we take in this paper to be air). For an assumed N 1 within this range, a method is described (Section 2) that determines the angle of incidence OHWR and the least film thickness dHWR that produce halfwave retardation. We find that, as N 1 increases from 1 to N1, OHWR decreases monotonically from 900 to 0, respectively. dHWR -0.5 DbHWR, where Do is the film-thickness period, and the approximately equal relationship is replaced by an exact equality in the limiting cases when the substrate is a perfect dielectric or a perfect conductor. Significantly, we find that all reflection characteristics of a film-substrate HWR remain close to their normal-incidence values as 0 is increased from 0 to (and beyond) oH-wR. Thus these film-coated surfaces act as angle-insensitive reflectors.
Detailed results are given in Sections 2 and 4 for HWR's that consist of transparent films on metallic (Al), semiconducting (Si), and dielectric (glass) substrates at the He-Nelaser wavelength X = 0.6328 ium. Transparent film-on-silver HWR's that operate at the infrared CO?-laser wavelength X = 10.6 jum are also designed. Only when the substrate is metallic does the device have the prerequisite high reflectance.
Film-substrate HWR's permit the realization of simple polarization-preserving beam displacers and axicons as well as isotropic (polarization-insensitive) 900 rooftop reflectors and waxicons.
In this paper we have assumed the ejwt time dependence and p and s reference axes in the incident and reflected beams that are in accordance with the Nebraska (Muller) conventions. 20 
